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Abstract
The chiral symmetry breaking in a Nambu-Jona-Lasinio eﬀective model of quarks in the presence of a magnetic
ﬁeld is investigated. We show that new interaction tensor channels open up via Fierz identities due to the explicit
breaking of the rotational symmetry by the magnetic ﬁeld. We demonstrate that the magnetic catalysis of chiral
symmetry breaking leads to the generation of two independent condensates, the conventional chiral condensate and a
spin-one condensate. While the chiral condensate generates, as usual, a dynamical fermion mass, the new condensate
enters as a dynamical anomalous magnetic moment in the dispersion of the quasiparticles. Since the pair, formed by
a quark and an antiquark with opposite spins, possesses a resultant magnetic moment, an external magnetic ﬁeld can
align it giving rise to a net magnetic moment for the ground state. The two condensates contribute to the eﬀective
mass of the LLL quasiparticles in such a way that the critical temperature for chiral symmetry restoration becomes
enhanced.
Keywords: Magnetic catalysis of chiral symmetry breaking in NJL model, Dynamical generation of quark
anomalous magnetic moment, Strongly magnetized quark matter.
1. Introduction
The phases of matter under strong magnetic ﬁelds
constitute an active topic of interest in light of the exper-
imental production of large magnetic ﬁelds in heavy-ion
collisions, and also because of the existence of strongly
magnetized astrophysical compact objects. On the other
hand, from a theoretical point of view there exist con-
tradictory results about the inﬂuence of a magnetic ﬁeld
on the chiral and deconﬁnement transitions of QCD [1].
Of particular interest for the present paper are some
recently obtained results [2] on the inﬂuence of a mag-
netic ﬁeld on the condensate structures characterizing
the QCD chiral transition. A magnetic ﬁeld is known
to produce the catalysis of chiral symmetry breaking
(MCχSB) [3] in any system of fermions with arbitrarily
weak attractive interaction. This eﬀect has been actively
investigated for the last two decades [4]. In the original
studies of the MCχSB, the catalyzed chiral condensate
was assumed to generate only a dynamical mass for the
fermion. Recently, however, it has been shown that in
QED [5] the MCχSB leads to a dynamical fermion mass
and inevitably also to a dynamical anomalous magnetic
moment (AMM). This is connected to the fact that the
AMM does not break any symmetry that has not al-
ready been broken by the other condensate. The dy-
namical AMM in massless QED leads, in turn, to a non-
perturbative Lande g-factor and Bohr magneton propor-
tional to the inverse of the dynamical mass. The induc-
tion of the AMM also gives rise to a non-perturbative
Zeeman eﬀect [5]. An important aspect of the MCχSB
is its universal character for theories of charged mass-
less fermions in a magnetic ﬁeld. Therefore, it is nat-
urally to expect that the dynamical generation of the
AMM shall permeate all the models of interacting mass-
less fermions in a magnetic ﬁeld.
As follows, we consider the dynamical generation
of a net magnetic moment in the ground state of a
one-ﬂavor Nambu-Jona-Lasinio (NJL) model in a mag-
netic ﬁeld and discuss its implications for the chiral
phase transition at ﬁnite temperature. The AMM of the
quark/antiquark in the pair points in the same direction,
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as the pair is formed by particles with opposite spins
and opposite charges. Hence, the pair has a nonzero
magnetic moment that becomes aligned by the external
magnetic ﬁeld and then producing the magnetization of
the ground state. This magnetization is reﬂected in the
existence of a second independent condensate. The two
condensates contribute to the eﬀective dynamical mass,
which is mainly determined by the quark/antiquark pair-
ing in the lowest Landau lever (LLL), resulting in a sig-
niﬁcant increase in the critical temperature for the chi-
ral restoration, as compared to the case where only the
magnetically catalyzed chiral condensate is considered.
2. Model and Condensates
Let us consider the following NJL model of massless
quarks in the presence of a constant and uniform mag-
netic ﬁeld. The new element of the proposed model is
the introduction of a four-fermion channel, with cou-
pling constant G′, that becomes relevant only in the
presence of a magnetic ﬁeld,
L = ψ¯iγμDμψ + G2 [(ψ¯ψ)
2 + (ψ¯iγ5ψ)2]
+
G′
2
[(ψ¯Σ3ψ)2 + (ψ¯iγ5Σ3ψ)2] (1)
The new interaction channel naturally emerges using the
Fierz identities in the one-gluon-exchange channels of
QCD when the rotational symmetry is broken by the
magnetic ﬁeld. Here, Σ3 is the spin operator in the di-
rection of the applied ﬁeld.
Solving the system gap equations in the LLL, we ﬁnd
the condensate solutions
σ = G〈ψ¯ψ〉 = A exp−
[
2π2
(G +G′)NcqB
]
(2)
and
ξ = G′〈ψ¯iγ1γ2ψ〉 = A′ exp−
[
2π2
(G +G′)NcqB
]
(3)
with A = 2GΛ/(G + G′) and A′ = 2G′Λ/(G + G′).
The condensate σ is associated with the dynamically
generated mass and ξ with the AMM.
It is worth to underline that the induced condensates
(2)-(3) depend nonperturbatively on the coupling con-
stants and the magnetic ﬁeld. This behavior reﬂects the
important fact that in a massless theory, chiral symme-
try can be only broken dynamically, that is, nonpertur-
batively. In this result, the LLL plays a special role due
to the absence of a gap between it and the Dirac sea. The
rest of the LLs are separated from the Dirac sea by en-
ergy gaps that are multiples of
√
2qB, and hence do not
signiﬁcantly participate in the pairing mechanism at the
subcritical couplings where the magnetic catalysis phe-
nomenon is relevant. Since the dynamical generation of
the AMM is produced mainly by the LLL pairing dy-
namics, one should not expect to obtain a linear-in-B
AMM term, even at weak ﬁelds, in sharp contrast with
the AMM appearing in theories of massive fermions.
In the later case, not only the AMM is obtained pertur-
batively through radiative corrections, but considering
the weak-ﬁeld approximation means ﬁrst summing in
all the LL’s, which contribute on the same footing, and
then taking the leading term in an expansion in powers
of B [6, 7]. Notice that such a linear dependence does
not hold, even in the massive case, if the ﬁeld is strong
enough to put all the fermions in the LLL [8].
3. Critical Temperature
The eﬀect of the new condensate 〈ψ¯iγ1γ2ψ〉 is to in-
crease the eﬀective dynamical mass of the quasiparticles
in the LLL,
Mξ = σ + ξ = 2Λ exp−
[
2π2
(G +G′)NcqB
]
(4)
In QCD, for ﬁelds, qB ∼ Λ2, the dimensional re-
duction of the LLL fermions would constraint the LLL
quarks to couple with the gluons only through the longi-
tudinal components. Thus, to consistently work in this
regime within the NJL model, we should consider that
G′ = G (see Ref. [2] for details).
Because the eﬀective coupling enters in the exponen-
tial, the modiﬁcation of the dynamical mass by the mag-
netic moment condensate can be signiﬁcant. Thus, the
quasiparticles become much heavier in our model than
in previous studies that ignored the magnetic moment
interaction. Taking into account that for qB/Λ2 ∼ 1,
η  1 in G′ = ηG, and using the values GΛ2 = 1.835,
Λ = 602.3 MeV [9], Nc = 3 and q = |e|/3  0.1, it was
found in [2] that due to the condensate ξ the dynamical
mass of the quasiparticles increases sixfold.
Starting from the thermodynamic potential in the
condensate phase
ΩT0 (σ, ξ) = NcqB
∫ Λ
0
dp3
2π2
[
ε0 +
2
β
ln
(
1 + e−βε0
)]
+
σ2
2G
+
ξ2
2G′
, ε20 = p
2
3 + σ
2 + ξ2, (5)
we can analytically ﬁnd the critical temperature TCχ
from
∂2Ω
TCχ
0
∂σ2
|σ=ξ=0 = −
[
C
∫ Λ
0
dp3
p3
tanh
(
βCχ p3
2
)
+
1
G
]
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+
σ2
2G
+
ξ2
2G′
= 0 (6)
where C = NcqB(G +G′)/(2π2G).
Doing in (6) the change p3 → p3/TCχ , we have
∫ Λ/TCχ
0
dp3
p3
tanh
( p3
2
)
=
2π2
(G +G′)NcqB
, (7)
Solving this equation for TCχ , we get
TCχ = 1.16Λ exp−
[
2π2
(G +G′)NcqB
]
= 0.58Mξ (8)
The fact that the critical temperature is proportional to
the dynamical mass at zero temperature, is consistent
with what has been found in other models [10]. In the
present case, since the dynamical mass is increased by
the AMM, the critical temperature is proportionally in-
creased. Notice that, we would have arrived at the same
result by taking instead the derivative with respect to ξ.
This is a consequence of the proportionality between σ
and ξ, (i.e. ξ = (G′/G)σ), which follows from Eqs. (2)
and (3). This implies that the two condensates evapo-
rate at the same critical temperature. The fact that there
exists a unique critical temperature for the evaporation
of the two condensates indicates that the condensate ξ
does not break any new symmetry that was not already
broken by the condensate σ and the magnetic ﬁeld, as
pointed out above. The simultaneous evaporation of the
chiral and magnetic moment condensates has been also
reported in the context of lattice QCD [11].
4. Conclusion and Discussion
In the presence of a magnetic ﬁeld there is no mag-
netically catalyzed chiral condensate 〈ψψ〉 without the
simultaneous generation of a second dynamical con-
densate of the form 〈ψΣ3ψ〉. The genesis of this phe-
nomenon lies in the fact that the chiral pairs possess net
magnetic moments that tend to align with the external
magnetic ﬁeld. The collective eﬀect of these magnetic
moments leads to the ground state magnetization and
manifests itself as a spin-one condensate 〈ψΣ3ψ〉 which
enters in the quasiparticle spectrum as an AMM.
An important eﬀect of 〈ψΣ3ψ〉 is to increase the ef-
fective dynamical mass of the LLL quarks, and conse-
quently the critical temperature of the chiral phase tran-
sition. Since the quasiparticles become heavier, com-
pared to the case when the spin-one condensate is ig-
nored, and since they are charged, the electrical con-
ductivity in this case should be much smaller at strong
ﬁelds.
The characteristic increase of the critical tempera-
ture with an applied magnetic ﬁeld in the MCχSB phe-
nomenon is in sharp contrast with the dropping of the
temperature with the ﬁeld found in lattice QCD [1].
A reconciliation between these apparently contradic-
tory results can be worked out, once the running of the
coupling with the magnetic ﬁeld is incorporated into
the analysis [12]. As discussed in [12], a strong mag-
netic ﬁeld gives rise to an anisotropy of the strong cou-
pling constant. The main eﬀect for the critical temper-
ature is then associated with the running of the paral-
lel coupling α‖s, which characterizes the interactions in
the direction parallel to the ﬁeld and can be connected
to the conventional NJL couplings through the relation
G +G′ = 4πα‖s/qB. The behavior of this coupling with
the ﬁeld is such that the critical temperature ends up
decreasing with the ﬁeld, in agreement with the lattice
results. The physical mechanism behind this eﬀect can
be traced back to the antiscreenning produced by the
quarks conﬁned to the LLL in a strong magnetic ﬁeld
[12].
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